Let S = {s1 < s2 < s3 < . . .} be the sequence of all natural numbers which can be represented as a sum of two squares of integers. For X 2 we denote by g(X) the largest gap between consecutive elements of S that do not exceed X. We prove that for X → +∞ the lower bound
§ 1. Introduction
Let S = {s 1 < s 2 < s 3 < . . .} be the sequence of all natural numbers which can be represented as a sum of two squares of integers. Various questions regarding behavior of the quantity g(X) = max n:sn+1 X (s n+1 − s n ), i.e. the largest gap between consecutive elements of S that do not exceed X, for X → +∞ were studied by many authors in different contexts. The best lower bounds for g(X) were obtained by P. Turán, P. Erdős [2] , I. Richards [3] and by R. Dietmann and C. Elsholtz [1] . Proof of the best known upper bound for the function g(X) is contained in paper [4] .
The goal of this article is to obtain a new lower bound for the quantity g(X). Using recent result by R. Dietmann and C. Elsholtz [1] , we will construct large intervals that contain no elements of S and will prove the following statement Theorem 1. For X → +∞ the lower bound
holds.
The estimate (1.1) is twice the estimate of the article [1] . § 2. Main result All currently known theorems on large gaps between sums of two squares rely on the following general proposition: Proposition 1. Assume that for every large enough real number Y there exist natural number P (Y ) without prime factors of the form 4k + 1 and satisfying the inequality Y P (Y ) Φ(Y )/2 for some continuous increasing function Φ(Y ) and a natural number a(Y ) not exceeding P (Y ) and satisfying for any natural j Y at least one of conditions 1. There exist an odd prime p and an odd positive integer k with p k+1 | P (Y ) and a(Y ) + j ≡ p k a j (mod P (Y )) for some a j that is not divisible by p. 2. There exist positive integers k and m with 2
Then for all large enough X the inequality g(X) Φ −1 (X) is true, where Φ −1 is the compositional inverse of the function Φ.
Proof. The interval
Let us show that this interval does not contain any elements of the set S. Indeed, if n ∈ I then for some j Y one has n = j + a(Y ). Now, if the first condition of Proposition 1 holds for j then n is not a sum of two squares, because for some prime number p with p ≡ 3 (mod 4) there is odd number k, natural a j which is not divisible by p and natural b j such that
. From this we obtain
Therefore, some prime p congruent to 3 modulo 4 has an odd exponent in prime factorization of n and thus n is not in S.
On the other hand, if for j the second condition holds then analogous argument shows that n is equal to 2 k (4u − 1) for some positive integer u, but the numbers of this form are not sums of two squares.
Hence, for all large enough Y the interval [1, Φ(Y )] contains a subinterval of length Y that does not intersect with S. Consequently,
Choosing Y = Φ −1 (X) we get the desired result.
I. Richards chose the following number to be P (Y ) in his construction:
where
In this case a(Y ) is the solution of congruence 4a(Y ) ≡ −1 (mod P 1 (Y )). Dietmann and Elsholtz the product of the form
as their P (Y ). Here k is a large positive integer and A k (Y ) is some subset of prime numbers p 4Y that are congruent to 3 modulo 4. In this construction, the number a(Y ) is the solution of congruences 4a(Y ) ≡ −1 (mod P 2 (X, k)) and a(Y ) ≡ 0 (mod 2 k ). In the fist case ln P (Y ) = (4 + o (1) Y ) and that small prime factors make a small contribution to the size of P (Y ). Namely, we are going to assume that the relation
is true, where
Here for integer N , nonnegative integer k
Assume also that for all ε > 0 and all large enough Y the inequality Y Φ(Y ) ε holds. Then for any ε > 0 and large enough X we have g(X) Φ −1 (X 2−ε ).
Proof. Let us choose δ = δ(ε) < 1 so that for large enough Y we have ln P (Y, δ) < ε ln P (Y ). Set
where γ p = 1 if there is a natural j Y with p k+1 | P (Y ) and a(Y ) + j ≡ p k a j (mod P (Y )) for some odd k with a j is coprime to p. Let γ p = 0 otherwise. Here a(Y ) is the same as in Proposition 1.
Note that P(Y ) P (Y ) 1/2+ε/2 . Indeed, every exponent γ p is at least two times smaller than the exponent of p > δY in factorization of P (Y ), therefore
by the choice of δ. Choose now the natural number a 0 (Y ) such that the congruence a 0 (Y ) ≡ a(Y ) (mod P(Y )) and inequalities 0 < a 0 (Y ) P(Y ) hold. Define the family of intervals
, where the variable n takes integer values with 0 n δY . Let us show that at least one of the constructed intervals does not contain any sum of two squares. Indeed, assume that m ∈ I n is an element of S. As m lies in I n , for some j Y the equality m = a 0 (Y ) + j + nP(Y ) holds. By the definition of a(Y ) and P (Y ), at least one of the following conditions holds:
• There are natural k and m with 2 k+2 | P (Y ) and a(Y ) + j ≡ 2 k (4m − 1) (mod P (Y )). In this case we also have a 0 (Y ) + j ≡ 2 k (4m − 1) (mod P(Y )) and 2 k+2 | P(Y ), therefore m cannot be the sum of two squares, which is a contradiction.
• There are an odd prime p and an odd natural number k with p k+1 | P (Y ) and a(Y ) + j ≡ p k a j (mod P (Y )) for some a j that is not divisible by p. If p δY then these congruences and divisibilities remain true for a 0 (Y ) and P(Y ), which once again leads us to contradiction. If, on the contrary, p > δY then necesserily γ p = 1 and hence m = a 0 (Y ) + j + nP(Y ) ≡ 0 (mod p). As p ≡ 3 (mod 4) and m is the sum of two squares, we have p 2 | m.
Notice now, that for fixed j Y and p > δY there exists at most one n such that
, as any two numbers having this property are congruent modulo p. Thus, the total amount of n for which I n contains a sum of two squares is at most the number of all exceptional pairs (j, p), i.e. at most 2F/δ, where F is the number of prime factors p > δY of P (Y ).
due to conditions of Theorem 2. Therefore, all but o(Y ) of intervals I n do not intersect S. In particular, for all large enough Y there is at least one interval with this property.
Next, all the resulting intervals lie inside the interval 
2 . It follows that small primes make a small contribution in P (Y ). Indeed, if ε > 0 then
Consequently,
As we also have ln P (Y ) ≫ Y , we finally get Small enough values of ε and ε 1 give us the desired result.
Remark 1.
Results of H. Iwaniec [5] on behavior of Jacobstahl function allow us to show that under assumptions of Theorem 2 the estimate Y ≪ ln 2 P (Y )/ ln ln P (Y ) holds. In particular, this means that the inequality Y ≪ Φ(Y ) ε is true for any ε > 0 automatically. Further, this implies that current methods cannot prove any estimate stronger than g(X) ≫ ln 2 X/ √ ln ln X. On the other hand, some models predict that in fact the order of growth of the quantity g(X) is slightly lower, namely g(X) ≍ (ln X) 3/2 .
